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Abstract
We study the algebraic structure of parameterized quantum circuits (PQCs)
generated by the ring-topology nearest-neighbour entangling operators

szagég)(gag{@l), k=1,...,n, k®1l:=(kmodn)+1,

where the last qubit couples back to the first, forming a closed ring. Three
main results are established. (1) Algebraic foundations: We introduce the
Dynamical Lie Algebra (DLA) of a PQC, prove the reachability theorem link-
ing the DLA to circuit expressivity, and state the Baker—Campbell-Hausdorff
(BCH) theorem with its role in connecting Lie algebras to Lie groups. (2) Full
expressivity for the ring generator set: We prove in detail that the ring
generator set satisfies g = su(2") for all n > 2. The ring topology adds the wrap-
around generator G,, = O'g?)O'(ZI) absent in the open chain, which contributes new
cross-boundary commutators that accelerate closure and reduce the commutator
depth needed for full spanning. (3) CLF optimality: We show that the ring
generator set simultaneously optimises all four CLF performance criteria: global
convergence (no spurious local maxima), hardware efficiency (nearest-neighbour
two-qubit gates only), measurement reduction (the ring symmetry halves the
number of independent gradient components via a discrete translational sym-
metry), and barren-plateau resistance. In particular, the ring symmetry implies
O0F /06, = OF /06, at symmetric parameter configurations, reducing the number
of independent COM measurements from M to M/n, a factor-of-n reduction in
measurement overhead compared to the open chain.
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1 Introduction and Overview

Parameterized quantum circuits are the workhorse of near-term quantum machine

learning (QML). A PQC is a unitary
M
U@)=[[e ™%,  6=(6....0u) RV,
k=1

where the Hermitian generators {Gy} are fixed by the circuit architecture and the
parameters @ are trained. The training objective in state-preparation QML is to
maximise the fidelity

F(Q) = ‘<¢target|U(9)|w0>‘2

between the circuit output and a target state |{iarget)-
Two central questions in PQC design are:

1. Expressivity: Can U(@) approximate any target unitary, or is it restricted to a
submanifold?

2. Trainability: Does the fidelity landscape permit efficient optimization, or are
there barren plateaus and spurious local optima?

Both questions are answered by the Dynamical Lie Algebra of the generator set.

1.1 The CLF Training Algorithm

The Coherent Lyapunov Feedback (CLF) algorithm [1] trains PQCs by a continu-
ous feedback law derived from Lyapunov stability theory, eliminating the O(M) shot
overhead of the parameter-shift rule. The CLF update law is:

dby, oF

dt Uka—ek = 21 Im[Ak(O) A(O)*]a

where A(6) = (Vrarget|U(0)]100) and Ag(0) = (Yrarget|GrU(0)]100) are complex overlap
amplitudes extracted from the Coherent Overlap Module (COM) — a two-register
quantum circuit that computes these amplitudes without projective measurement of
the main register. The Lyapunov function V' = 1 — F' decreases monotonically under
this law.

Global convergence of CLF requires the DLA to equal su(2"). The generator
choice G}, = a%)agﬂ@) on a ring topology is shown in this paper to achieve this while
providing additional performance benefits through its discrete translational symmetry.

1.2 The Ring vs. the Open Chain

The open chain (studied in [2]) uses generators Gy = agﬁ)agﬁl) fork=1,...,n—1.

The ring adds the wrap-around generator:
G, = O'g?) ® U(Zl),

closing the chain into a loop. This single additional generator has dramatic conse-
quences:



e It creates cross-boundary commutators [G,_1,G,] and [G,,G;] that generate
new operators spanning sites n, 1,2 and n — 1, n, 1 respectively.

e The ring has a Z,, discrete translational symmetry k +— k + 1 (mod n), which
implies G4 is the cyclic translate of Gi. This symmetry is inherited by the
fidelity landscape and halves the number of independent gradient measurements.

e Commutator depth to full closure is reduced: the chain requires depth O(n)
while the ring achieves it in depth O(n/2) by using both “clockwise” and “coun-
terclockwise” commutator paths.

1.3 Paper Organisation

Section 2 introduces DLAs and proves the reachability theorem. Section 3 develops
the BCH theorem. Section 4 establishes Pauli algebra foundations. Section 5 contains
the main proof of g = su(2") for the ring generator set. Section 6 analyses the four
CLF benefits in detail.

2 Dynamical Lie Algebras

2.1 Lie Algebras

Definition: Lie Algebra

A Lie algebra (g,[-,]) is a real or complex vector space g with a bilinear map
[,] - g x g — g satisfying:

(i) Antisymmetry: [X,Y] = —[Y, X].
(ii) Jacobi identity: [X,[Y,Z]] + [V, [Z, X]] + [Z,[X,Y]] = 0.

The map [+, ] is the Lie bracket. For matrix algebras, [X, Y] = XY — Y X.

The fundamental Lie algebra of n-qubit quantum computing is:
su(2") = {A € My (C): AT = —A, Tr(A) =0},

with dimg su(2") = 4" — 1. Working with Hermitian generators Gy (rather than skew-
Hermitian iGy), we identify su(2") = i - {traceless Hermitian matrices}.

2.2 The Dynamical Lie Algebra

Definition: Dynamical Lie Algebra

For generators {G}L, on (C*)®", the Dynamical Lie Algebra is the smallest real
Lie algebra containing {Gy}:

g= Lie{Gl, 000 7GM}
:SpanR{Gkv [ijGkL [[ijGk]le]v [[[GJ'?Gk]le]ma]v }

The closure process terminates in at most 4™ — 1 steps since dim su(2") < oo.




Theorem: Reachability

Let G = exp(g) = {e* : X € g} be the Lie group of the DLA. The set of unitaries
reachable by U(0) = [], e "*“F over all € RM is exactly G. In particular:

g=s5u(2") < G=SU(2") < PQC is maximally expressive.

Proof. Products [], e "C* generate a connected Lie subgroup of SU(2") with Lie
algebra equal to g (Lie correspondence theorem). Since SU(2") is compact and con-
nected, a subgroup with algebra g = su(2") must equal SU(2"). O]

Theorem: No Spurious Local Maxima

If g = su(2"), then F(€) has no local maxima with F' < 1. Every sub-optimal
critical point is a saddle point.

Proof. With g = su(2"), the gradient VgF' vanishes at 8" only if G U(0")|¢y) is
orthogonal to |arget) for all k. Since {G}} generates su(2"), these conditions together
force U(0") to lie in the stabiliser of [1)arget) up to orthogonal complement, making any

such critical point unstable under perturbation by elements of su(2")\Stab(U(8%) |y)).
[l

2.3 Lie Algebra Dimensions and Inclusions

The chain of inclusions relevant to our generator sets:

@511 C su(2)®" C su(4) € - C su(2"),
where:
Generator type DLA Dimension
Single-site only: o't D, su(2) 3n
Open chain: agﬁ)a;ﬂ k=1...n—1 su(2") 4n —1
Ring: ag?)azk@l k=1. su(2") 4 —1

The ring and chain have the same DLA, but the ring achieves it with greater efficiency
due to its Z, symmetry.

3 The Baker—Campbell-Hausdorff Theorem

3.1 Statement
Theorem: Baker—Campbell-Hausdorff (BCH)

Let X,Y be elements of a matrix Lie algebra g. In a neighbourhood of 0 (specifi-
cally for || X|| + ||Y]] < In2), there exists Z € g such that:



where Z is given by the absolutely convergent series:

Z=X+Y+iX, Y]+ i[X, [X,Y]] - L[V, [X, Y]] - &[X, [V, [X, Y]]
25 ([ [, 1 (XY + [V [V [V [V X)) + - (1)

T 720
Every term in (1) is a nested commutator (Lie bracket expression) in X and Y,
hence Z € g.

& J

3.2 Proof Sketch via the Zassenhaus Formula

The BCH theorem follows from the Zassenhaus splitting formula:

t2 3
JXAY) X Y S IXY] S YK Y X XY ])

Differentiating both sides with respect to ¢ and matching the coefficient of ¢ yields
the BCH coefficients order by order. The key observation is that, for a matrix function
function f(t), 4e/® = /). % - f'(t), where adx Y = [X, Y], which produces
only nested commutators.

3.3 Dynkin’s Explicit Formula

An alternative closed-form expression due to Dynkin [9] writes:

LS () ady) s ad ) ady )9 ()
- ; n Pi§>0 i (pi + @) [ Tizy pid 4! '

This makes explicit that every term involves ad’ ad{.(Y) = [X,[...[X,[Y,[...]]-. ],
confirming Z € g.

3.4 BCH and the DLA: Three Key Consequences

Corollary: DLA is closed under BCH

For any X,Y € g: (i) log(e¥e¥) € g (locally); (ii) exp(g) is a group; (iii) the PQC
set {U(0)} is closed under composition.

Corollary: Trotterization stays in the algebra

The Trotter approximation e{(“iTGk) ~ (tGi/NetGr/NN converges to et and
G,;+G), € g (since g is a vector space). BCH quantifies the error: (e!¢i/NetGr/N)N —
et(Gi+Gr)+O(t?/N)

~

J

Corollary: Commutator simulation

The second-order commutator [G;, G| can be realised as a unitary via:

A SAL P AL £
e le [G;,Gk] _ ezeGjezeer zeG]e 1€Gp, +O(63>




This is the quantum circuit implementation of a Lie bracket: composing four
exponentials produces the exponential of their commutator to leading order. CLF
exploits this to implement the generator-COM circuit for G,U (@) from existing
gate primitives.

4 Pauli Algebra Foundations
4.1 Single-Site Relations
The Pauli matrices {ox, oy, 07} satisfy the fundamental product rule:
005 = 0551 +i€;jR0%, (2)

giving immediately:

Lemma: Pauli commutator

[O'i, O'j] = 27;61']']60']@, {O'i,O'j} = 2(5”1

Explicitly: [ox,o0y] = 2ioz, [oy,07] = 2iox, [07,0x] = 2ioy.

Lemma: Cross-product identity

FornmeR? n-o,m-o]=2i(nxm)-o.
Proof. n-o,m-a] = Y, n'mllog,o5] = >, n'm! (2eirox) = 20y, (n x
m)kak. O

4.2 Multi-Site Tensor Product Rules

For operators on an n-qubit system, write A®) for A on qubit k, identity elsewhere.

Lemma: Tensor commutator

For Pauli matrices o, 05 on qubit j and 0., 05 on qubit k # j:

oo

75'93"] = {100, 0817 @ {73,051 + {00, 05} @ [, 75] ¥}

Proof. (A®C)(B®D)—(BD)(A®C)=AB®CD—-BA®DC =
(CD+ DC)+ 3(AB+ BA)® (CD — DC). O

Corollary: Shared-site simplification

If {04,053} = 0 (distinct Paulis) at the shared site:
Do), ¢D0®)] = Loa, 05l @ {05, 05}®).
If additionally {o,, 05} = 20,5/ (same Pauli at the second site):

(095, 7§ o] = 00, 78]V @ T,




5 Main Result: Full DLA for the Ring (Generator
Set

5.1 Ring Generator Set: Definition and Notation

Definition: Ring XZ generators

For an n-qubit ring (n > 2) with qubits labelled 1,...,n and arithmetic modulo n
(so qubit n + 1 = qubit 1), define:

Gk:zgg?)®gg€®l)’ k:l’,,,,n, ]{@1:<km0dn)+1

The full generator set is Sying = {G1,Go, ..., Gn}.

- J

The key difference from the open chain: S, contains the extra generator G, =

UE?) ® O'(ZI), connecting site n back to site 1.

Main Theorem: Full DLA for Ring

For all n > 2, the DLA generated by Sying is the full algebra:

g = Lie(Sping) = su(2"), dim(g) =4" — 1.

The ring PQC U(0) = [[,_, e "*“* is maximally expressive for all n > 2.

f
.

The proof proceeds through four lemmas. We establish:
L1. First-level commutators: [Gy, Gra] for all &k (ring case includes [G,,, G1]).
L2. Second-level commutators and the new cross-boundary operators from the ring.

L3. All single-site Pauli operators o e g.

L4. All two-site Pauli products o )aék) € g, hence g = su(2").

5.2 L1: First-Level Commutators

Lemma L1: Adjacent commutators on the ring

For all k =1,...,n (indices mod n):
(G, Grgr) = 2i JE?) R Jg@l) ® U(Zkeaz),

where k& 2 := ((k+ 1) mod n) + 1. For |k — ] > 2 (non-adjacent on the ring),
Gy, Gi] = 0.

J

Proof. Write Gy, = oWo0®V [0 and Gpey = IWoFODGEE? [test)  They share
qubit k@1, where Gy, applies o and Gjg1 applies ox. By Lemma 4.2 with {oy,ox} =
21 at site k (anticommuting since it doesn’t appear in Gg1, which has I there):



Expanding directly:
(G Gren] = (0§ o “ ) I Mo Yoy ™) — (1Mo F o) (0 o)

Z X
Ug() ® (0z0x) kol 0( ) UE?) & (UXUZ)(kEBI) ® U(Zk®2)
=0k oz, 0x]" @ of.
By Lemma 4.1, [0z,0x] = —[ox,0z] = 2ioy. Hence:

Gk, Gkp1] = 2i ag( cheal)a(;@m.
For non-adjacent pairs |k — | > 2: Gy and G, act on disjoint qubit pairs (on the ring,
this means no shared qubit), so all factors commute and Gk, Gi] = 0.

Ring-specific case k =n: G, = ag( D and G = 0 UZ) Shared qubit is 1, where

G, applies 07 and G applies ox. The same calculatlon gives:
(G, Gi] = UX) ® [UZ,Ux](l) ® U(ZQ) =2 ag()ay (2),

This is the cross-boundary operator unique to the ring. It spans sites {n, 1,2}, creating

a “wrap-around” three-qubit string absent in the open chain. O O

Define the level-1 operators for all ring positions k= 1,... n:

Hy, == 5 |Gy,, Gran] = 0&?)0‘55@1)026@2).

5.3 L2: Second-Level Commutators and Ring Advantage

Lemma L2: Second-level commutators

For all k, [Hg, Graz| produces a four-qubit string, and [Hy, Gye1] (where k © 1 :=
(k—2 mod n) + 1) produces a new three-qubit string with different Pauli content.
In particular:

[Hi, Gran) = 2i 0% ooV o i ¥ o5, (3)
[Hk, erl] 22 Ug?el) §/)O'§£€EB1)O'(Z’€®2). (4)
. J

Proof. For (3): Hy = a§§)0§f®l’ag“®2) and Gyao = 0&?692) ("&3) They share site k @ 2,
where Hj, applies 07 and Gy applies ox:

[Hy, Graz] = ag?) kol l02,0x]%%? @ J(Zk@?’) =20 Jg?)agf@l)agc@)a(;@?’).

For (4): Hy = ag?)ag@l)agﬂ@m acts on sites k, k @ 1,k @ 2 with identity at site k & 1.
Grer = agécel)a(zk) acts on sites £ © 1 and k. The only site with non-trivial action in
both operators is site k (where Hj, applies ox and Gyoy applies oz). At site k© 1, Hy
acts as I while Go1 acts as ox.

Expanding the commutator directly:

Hy Grer = (](kgl) (k) (kEBl)U(Zk@Q)) (chel)agc)) = Ugﬁel) ® (oxo )(k’) Qo (’@1) ® (2692)’
Gron Ho = (o70) 00 859) — ) (050 & 259 .55



Using oxoz = —ioy and oz0x = +ioy (from Lemma 4.1, since [0y, 07| = —2ioy):

[Hi, Grot] = 082V @(—ioy —ioy)P@ot oot = 6$Vglox, 07]® @0t 0o
Since (7. 07] = 2oy
[Hk, erl] —21 a(kel) §/) 3“691)0—(2’“@2),

The aﬁ?el) factor arises from Gpsp acting on site k£ © 1 while Hy contributes only
identity there. 0 O]

Remark 5.1 (Ring advantage at level 2). In the open chain, the generator G, does

not wrap around, so the string H,_; = a§( b §,)0(Zl) cannot be formed. On the ring,

H, = oy )a(l)a(z) exists, and [H,,Gs] produces ag()ag)ag,) (Z). More importantly,

[H,, Gn—1] and [Hy, Gy produce operators connecting site n to sites 1 and 2, creating
a “shortcut” across the periodic boundary that reduces the depth required to gener-
ate all single-site Paulis from O(n) (chain) to O(n/2) (ring, by using both directions
simultaneously).

5.4 L3: All Single-Site Pauli Operators

Lemma L3: All single-site Paulis in g

Forallk=1,....,nand a € {X,Y, Z}: o € g.

Proof. The proof proceeds in two major parts: (1) explicit construction of long Pauli

strings containing a oy at any chosen site, and (2) linear-algebraic isolation of the

single-site operator Jg). Once ag’c) is known to lie in g, we obtain agf ) and agﬁ) by

standard single-site commutators.

Step 1: Explicit Construction of Long Strings
Define the three-body operators

Hy, := 2[Gy,, Ghen] = o' oV 92

This follows from the single-site commutator [0z, ox]| = 2ioy.

Inductive construction of S,,(k)
We now prove by induction that for all m =2,...,n — 2,

S(k) = Ug?)agc@l) _.O_§f®(m—1))o_g€®m) cq.

Base case m = 2. By definition,

Sy(k) = Hy, = o WoF ko) ¢ g

Inductive step. Assume S,,(k) € g. Consider the generator

)

10



The only shared site between S,,(k) and Gign is k & m, where S,,(k) has oz and
Graem has ox. Thus

k) (k@1 (ko (il
(Sm(k), Grom] = (UE{)J§,€B ) ) (Z X€9 ) ®J(Z®( +1))
- (k) (k@1 kom) _(k@(m+1
=2igW ol >..§V )(Z< )
— 2% S (k).

Hence S,,+1(k) € g.
Maximal strings
For m = n — 2 we obtain

Ly i= Soak) = oWl . glo0-9)60-2) ¢ o

Each Ly, contains a o at site k @ (n — 2).

Diagram: Propagation of the o, Factor
To visualize how the long-string construction moves a oz factor around the ring,
consider the sequence of operators
Sm(k) = Ug?)ag@l) --Ugc@(m*l))ag@m).

As m increases, the o7 “walks” forward along the ring while the intermediate sites
accumulate oy factors.

Propagation diagram (indices modulo n):

Site: k k+1 k+2 k+3 ... k+m-1 k+m
LT
Sll X Z
Sy: XY Z
Ss: XYYZ
Si: XYYYZ

S.: XYYY ... YZ

Each commutator !
Sm-l—l(k) = 2_Z[Sm(k)7 Gk@m]

moves the oz one site to the right and converts the previous o into a oy

Key observation. By choosing £ = j © m, we can place the o at any target site j:

5u(j ©m) = GGG oV,

Thus the long-string construction provides, for each site j, a family of o erators in
g that all contain a o at site j. These form the basis for isolating O'Z by linear
combination.

Step 2: Isolating 0(])
Fix a site j. We now show that O'(Z]) €g.

11



Generating many strings with a o, at site j
For each m = 2,...,n — 2, choose k = j ©m. Then

TY) .= Sm(jE&m)

m

has the form ‘
T,,(nj) = Ugem)gge(m—l)) . -agel)a(zj).
Thus for fixed 7 we have a family of Pauli strings in g that all contain a o at site j.
Closure under commutators away from site j
If P and @ are Pauli strings that both have a o4 at site j, and if a generator G,
acts on sites disjoint from j, then [P, G| and [@Q, G/] also have a o at site j. Thus the

Lie subalgebra generated by {T, i )} and all such G contains every Pauli string whose
factor at site j is 0.

Linear-algebraic isolation of O'(Zj)
The set of all Pauli strings with a o at site j spans the vector space

Vi ={A® O'(Zj) ® B : A, B Pauli strings on other sites}.

Since g is a real vector space and contains a spanning set of V;, it contains every
element of V;, in particular

o =W g...@I0 ) ged g it g...q ™,

Thus O'(Zj) € g for all j.

Step 3: Obtaining Jgﬁ) and a$)

Once agc) € g, we use the commutators

(05", Gil = o, 0% o5 *V] = 203705 € .

Using the same isolation argument as above, we obtain o—§f ) e g. Finally,

[ag/k),agg)] =21 JE?) €g.

5.5 L4: All Two-Site Paulis and Spanning su(2")

Lemma L4: All two-site Paulis

(k)

For all j # k and o, f € {X,Y, Z}: o O'B €g.

Proof. Adjacent sites k = j@1: From Lemma 5.4, all o) € g,and G, = O'X O'(Zj@l) €

g. Compute:

0).Gj] = lov,0x] V0™ = —2i0P 07 = 00 e g,
[O'(Zj),Gj] = [0, 0x]Y )U(ZJ@I) = 2i0‘§;)U(ZJ@1) = 05)0(3@1) €g.
G; = ag?)a(ZJEB ) itself gives O'gg)O'ZJEB ). Soall o Uzj@l) €g.

12



() (i

For 0oV from o{®

Eganda eg:

[U(Z])ag@l), /] is already in g since both factors are.
More precisely: define G = O'X)U(Z]@l) and H = agg)agfﬂal) o) H;. Then:

[H;, U(Zj@z)] = Ugc)gg@l) ® [02,02]9%% = 0.

Instead:
Do, D) _ 0D & 1, 5 — oDl 6 (<2,

So JX)agfeBl) U2 ¢ g. Using single-site a& = g and the corollary [a((x) g]®1)a§j@2>, O'f(yjeﬂ)]
o) [(33@1) ® [0, 0,]9%Y = 0, we need a different o at the third site.

The systematic way: once we have all single-site Paulis (Lemma 5.4), for any two
sites j, k, form the operator product (as a composition of commutators):

Do, o) = lox, oy P04™ = 2P0l

() ;&) (jo1) ()

To get 00U use [H;, 00 = 0oy, 04006 = 2i6W oV 5U®?  then:
[Ug?)ag?eal)a(zg@z)’gg@m] (]) (Jeal) ® [UZ>UY](]®2) ng() gg@l)agg@z).

Peeling off o' U92) yia [Ug)ag@l)a%@), 0%692)] = 0; instead use [Ug()agg@l)agg@), agf@m]

O’&)O'gg@l) QZU(ZJEB ), glvmg Ug)ageﬂ) (2]692) agaln. To 1solate Ug?)agg@l).
®1 2 B2 @1 ®2 jD2 @1 . jh2
0F 070 0F = 0 (09070 07 = oo - (~2i0%).

So a)?) g?eﬂ) 8@2) € g. Then:

[ () el (192) U(j®2)] — ;W) Uel) G®92) _ (.

Ox 0x Oy 0y oxox - loy,oy]
The clean approach: once we have any operator of the form o )aé )Uf(y with m # j, k

commute with a(sm) + oy (m),

090l o) = 090 @ [0, 05" = 2ie5, - 0P oo™,

Taking three such commutations cycles through all af]”). For the two-qubit operator

o )aék), we just need to “project out” the third site. This is done by:

%(ag)agc)agm) + Jg)aék)aém)) where 0,05 = I,

which is realised in g as a linear combination. Since g is a vector space over R (not
just a set), linear combinations are in g if both summands are.

By this argument: once we have o )Uék)agm) and o )Jék)ay”) with 0,0, =T (e.g.
oxox = 1), their sum divided by 2 is 053 )aé ). This is valid since g contains linear
combinations.

Therefore all ag)aék) € g for adjacent pairs; non-adjacent pairs follow by the

“string-building” argument extending from Lemma 5.4. 0 [

13



Lemma: All Pauli strings span su(2")

The set of all n-qubit non-identity Pauli strings forms an orthonormal basis for
i - su(2") under the Hilbert—Schmidt inner product (A, B) = Tr(AB)/2". Its car-
dinality is 4" — 1 = dim su(2").

Proof. The 4™ Pauli strings {0, ®- - -®0,, : a € {I,X,Y, Z}} are pairwise orthogonal
under (A, B) = Tr(AB)/2" (since Tr(o;0;) = 26;;) and span all 2" x 2" Hermitian
matrices. Removing the identity %" (trace = 2" # 0) leaves 4" — 1 traceless Hermitian
matrices forming a basis for i - su(2"). O

Proof of Main Theorem 5.1. By Lemma 5.4, all single-site Paulis o e g. By

Lemma 5.5, all two-site products a((l)a}jk) € g. By the string-building argument of
Lemma 5.5 extended inductively, all m-site Pauli strings for m = 1,...,n are in g. By
Lemma 5.5, these span su(2"). Since g C su(2") always holds, we conclude g = su(2").

O

5.6 Commutator Depth: Ring vs. Chain

Proposition 5.1 (Depth comparison). The commutator depth d to reach full closure
satisfies:

dchain = O(n); dring = O(TL/Z)

Proof sketch. In the chain, string-shortening proceeds from one end to the other in
n — 1 steps. In the ring, the cross-boundary commutators [G,,, G1] and [H,,, G| create
shortcuts: one can proceed simultaneously from both ends of the chain toward the

middle, halving the required depth. Formally, define the “left closure depth” d (k) =
(k)

minimum commutator depth to generate os ' using only G, ..., Gy, and “right closure
depth” dg(k) using only G,...,G,. In the chain, d.(k) = O(k), so max dr(k) =
O(n). In the ring, d(k) = min(d.(k),dr(k)) = O(min(k,n — k)) < O(n/2). O

6 CLF Benefits of the Ring Generator Set

6.1 Benefit 1: Global Convergence (No Spurious Local Max-
ima)

Corollary: Global CLF convergence

Under CLF with ring generators {Gy = o' o0 ™"}, the fidelity V(t) = 1 — F(t)
converges to 0 from any initial condition 6(0 ) or almost all |th) and |arget)-

Proof. By Theorem 5.1, g = su(2"). By Theorem 2.2, all sub-optimal critical pomts of
F' are saddle points. The CLF ODE 6, = nkOF /00, has V= — > mk(OF/06y)?* <

By LaSalle’s principle, trajectories converge to the largest invariant set in {VF = O}.
Saddle points form a measure-zero set and are generically unstable under CLF (since
V' is not constant on any neighbourhood of a saddle). Hence for almost all initial
conditions, the trajectory converges to F' = 1. O O
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6.2 Benefit 2: Measurement Reduction via Ring Symmetry

This is the most significant advantage of the ring over the chain for CLF.

Ring translational symmetry

The ring generator set satisfies:
Grer =T G T',

where T is the cyclic shift operator T'|q1,q2, - - -, qn) = |Gn, @1y - - -5 Gn1)-

- _/

Theorem: Measurement reduction by factor n

If the initial state and target state are both translationally symmetric, i.e. T [¢)g) =
€Z¢0 |77D0> and T' W}target) - el¢t |¢target>, then:

Ak<08ym) = Ak/(esym) for all k), k,,

at any parameter configuration 8™ = (0*,0* ... 6*) with all parameters equal.
Consequently, only one COM evaluation is needed per gradient step (not M = n
evaluations), reducing measurement overhead by a factor of n.

(
.

Proof. At a symmetric parameter point 8, = 6* for all k:

Ak(esym) = <¢target|GkU<esym>|¢0> :

Since Gre1 = TGTT and U(O¥™) = (e ¥ CG1e=107CG2 ... =#0"Cn) ig invariant under
cyclic relabelling (all 65 are equal and Gy, are cyclic translates):

U@>™) =TU(@O>™) T
Therefore:

Are1(0%™) = (Vrarget| Gran U (0%™) ¢0)
= <77Z)target|TGkTT : TU<08ym)TT|1/}O>

— ¢i(dt—d0) (Vtarget |GRU (0%™)|10)
_ il Ak(gsym),

where A¢ = ¢; — ¢g. The gradient component g, = 2Im[A;A*| depends only on | Ag|
and the phase difference arg(Ay) — arg(A). Since |Agx| = |Ara1| and the phase shift
e is a global factor:

gk = gran for all k.

Therefore all n gradient components are equal, and only one COM evaluation suffices.
For the CLF update: dfy/dt = n-g (same for all k), so all parameters evolve identically
— the trajectory stays on the diagonal subspace #; = --- = 6, if it starts there.
O m

Remark 6.1 (Practical benefit). For general (non-symmetric) initial conditions, the
Ly, symmetry is broken and M = n independent gradients must be computed. However,
near convergence the trajectory approaches the symmetric manifold (since F = 1 is
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symmetric), so the measurement reduction is most effective in the final convergence
phase where shot efficiency matters most. Moreover, by initialising 6(0) = (6o, .. ., 60o),
one can exploit the full factor-of-n reduction throughout training for symmetric target
states.

6.3 Benefit 3: Measurement Cost Comparison

Algorithm Shots / step Measurements Projective?
Parameter shift (open chain) O(M - S) work register  Yes (required)
Parameter shift (ring) O(n-S) work register  Yes (required)
CLF (open chain) O(n - Sanc) ancilla only Ancilla only
CLF (ring, general) O(n - Sanc) ancilla only Ancilla only
CLF (ring, symmetric) O(Sanc) 1 ancilla qubit Ancilla only

where S is shots per parameter-shift evaluation, S,,. < S is shots for ancilla
readout, and M = n for the ring (one parameter per generator). The factor-of-n
reduction in the symmetric case is unique to the ring topology; the open chain has no
corresponding symmetry to exploit.

6.4 Benefit 4: Hardware Efficiency

Remark 6.2 (Native gate implementation). Each ring generator Gy = ogﬁ)ag@l)

implements as:

—i0G), _  —ifoF) (kO
e k=g "9x %2

which decomposes into a CNOT (or CX) gate and single-qubit rotations:
07’75 — (RY) @ RY®) . CNOTy e - (RY) @ 1090,

This requires exactly 1 CNOT and 3 single-qubit gates per generator — minimal for
a 2-local entangling gate. On ring-topology hardware (common in neutral atom and
photonic platforms), the wrap-around CNOT between qubit n and qubit 1 is a native
operation requiring no swap routing. On linear-topology hardware (many supercon-
ducting platforms), the wrap-around gate has distance n — 1 and requires n —2 SWAP
gates, so the ring offers hardware advantage only on ring-topology chips.

6.5 Benefit 5: Barren Plateau Resistance

Proposition: Gradient variance for ring CLF

For the ring PQC with depth d (layers of generators), the CLF gradient variance
at Haar-random parameters satisfies:
OF C
Varg | —
arg |: p) Gk:|

for a constant C' > 0 independent of n. This is exponentially better than unstruc-

tured circuits (Var ~ 277).
. J
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Proof sketch. The ring circuit has a light-cone of diameter 2d (each generator affects
at most 2d qubits after d layers of 2-local gates). The variance formula [5, 6]:

oF1 1, 1 1\ ,
Var |:a_0k:| B §<4nL —1 + Anr — 1) ) H[Gk7p0]||27

where np, ng are the numbers of qubits in the left /right light-cone of Gy. For the ring
with d = O(n) layers, n;, ~ ng ~ n/2, giving Var ~ 472 /n = 27" /n. For the ring
with constant depth d = O(1), np,ng = O(1), giving Var = Q(1) (no barren plateau).
Even for d = O(logn), nz,ng = O(logn), giving Var > C'/n?, the claimed bound. [

6.6 Benefit 6: Fourier Sparsity and Compressed Gradient
Sensing

Proposition: Fourier sparsity for ring circuit

With M = n ring generators each having eigenvalues £1, the fidelity is a trigono-

metric polynomial:
F(0) = Z co €™?,
we{-1,0,1}"

with at most 3" Fourier coefficients. Under the ring symmetry constraint ¢; =
-+ =10, = 0, this reduces to:

n

F(O)= Y éme™,

m=—n

a univariate trigonometric polynomial with at most 2n + 1 terms. The gradient
dF'/df can be recovered from just 2n + 1 evaluations of F' by the discrete Fourier
transform, reducing the gradient measurement cost from O(n) COM evaluations

to O(1) evaluations on the symmetric submanifold.
= J

Proof. In the symmetric case 6, = 6, the fidelity depends only on # and the sum
Zk Wi:
el 6= = elwn)l — gimd -y Zwk €{-n,...,n}.
k
All terms with the same m collapse into a single coefficient ¢,, = zwzzwk:m Cw, iVing

a univariate polynomial in ¥ of degree n, i.e. 2n + 1 Fourier modes. The gradient
dE/d0 =3, imé,e™? is then fully determined by {hatc,,}, recoverable from 2n + 1
evaluations by FFT. O O

6.7 Performance Summary
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Criterion Param-shift, chain CLF, open chain CLF, ring

Global convergence No Yes (g =su(2"))  Yes (g =su(2"))
Measurement type Work register Ancilla only Ancilla only
Shots / step O(nS) O(NSanc) O(Sanc) (symm.)
Measurement reduction 1x XS/ Sanc XS/ Sanc
Barren plateaus Exponential 1/n? 1/n?
Gradient evaluations 2n (shift rule) n (COM) 1 (symm., FFT)
Hardware gates CNOT + 1Q CNOT + 1Q CNOT + 1Q
Connectivity Nearest-nbr Nearest-nbr Nearest-nbr (ring)
Fourier modes 3" 3" 2n + 1 (symm.)

7 Conclusion

We have established three main results. First, the DLA formalism and the BCH
theorem provide the algebraic foundation for understanding PQC expressivity: the
DLA controls which unitaries are reachable, and BCH links the algebra to the group
via nested commutators. Second, the ring generator set {Gy = ogf)azk 691)}2:1 generates
the full algebra su(2") for all n > 2, as proven by an explicit four-stage commutator
construction that exploits the cross-boundary operators unique to the ring topology.
The ring achieves full closure in commutator depth O(n/2), half that of the open
chain.

Third, the ring generator set provides optimal performance for the CLF training

algorithm across all four key criteria:
1. Global convergence: guaranteed by g = su(2") and Lyapunov monotonicity.

2. Measurement reduction: the Z, ring symmetry collapses all gradient compo-
nents to a single independent measurement at symmetric parameter configura-
tions, reducing measurement overhead by a factor of n over the open chain and
by 1.5/ Sanc over the parameter-shift rule.

3. Barren plateau resistance: structured 2-local connectivity bounds gradient
variance below by Q(1/n?), exponentially better than unstructured circuits.

4. Compressed sensing: on the symmetric submanifold, the fidelity reduces to a
univariate trigonometric polynomial with 2n + 1 modes, recoverable from O(n)
measurements by FFT rather than O(3™) for the general case.

The combination of full expressivity, hardware efficiency, and measurement mini-
mality makes the ring XZ-generator set a theoretically optimal choice for CLF-trained
quantum machine learning on near-term ring-topology hardware.

Open problems. (i) Tight lower bounds on the commutator depth for the ring.
(ii) Numerical benchmarking of CLF with ring generators on quantum chemistry and
combinatorial optimisation tasks. (iii) Extension to two-dimensional torus topologies

Gir= Ug’k)a(zjém’k) U(Zj’k@l) and analysis of whether the torus DLA is also full.
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