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Abstract

We propose Coherent Lyapunov Feedback (CLF), a fundamentally new training
paradigm for parameterized quantum circuits (PQCs) that eliminates projective
measurement entirely from the parameter optimization loop. Classical quantum
machine learning (QML) methods, including the parameter-shift rule and its gen-
eralizations, require O(M) circuit evaluations and O(M x S) total measurement
shots per gradient step, where M is the number of parameters and S is the number
of shots per evaluation. CLF replaces this with a closed-loop quantum feedback
architecture: a target state [1iarget) acts as a reference, a coherent overlap mod-
ule computes the complex fidelity amplitude between the current output and the
target without wavefunction collapse, and a Lyapunov feedback law drives contin-
uous parameter updates with mathematically guaranteed monotonic convergence.
We formalize the coherent overlap circuit, derive the Lyapunov stability proof for
the PQC setting, establish the fixed-point topology, analyze noise robustness un-
der Lindblad dynamics, and present the complete CLF algorithm with complexity
analysis. CLF reduces measurement overhead to O(S) ancilla measurements in-
dependent of the number of parameters M while preserving global convergence
guarantees absent in gradient-based methods. The framework opens a new design
space at the intersection of quantum control theory and quantum machine learning.

Keywords: quantum machine learning, parameterized quantum circuits, Lyapunov
stability, coherent feedback control, measurement-free optimization, quantum fidelity,
barren plateaus, variational quantum algorithms
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1 Introduction

Parameterized quantum circuits (PQCs) sit at the heart of near-term quantum machine
learning. A PQC encodes a task as the optimization of a loss function

L<9) = <¢0| U(O)TO U(G) |1/10> )

where U(0) is a product of parameterized gates and O is an observable encoding the
objective. The dominant training method, the parameter-shift rule, computes the exact
gradient via:

OL  L(bx+3%)—L(6k— %)

0y, 2 '
This requires 2M separate circuit executions per gradient step, each demanding S > 1
measurement shots to estimate expectation values reliably. For M = 100 parameters and
S = 1000 shots, a single gradient step costs 200,000 circuit evaluations. This measurement
bottleneck is a primary obstacle to scaling QML on near-term hardware.

Beyond efficiency, gradient-based methods suffer from the barren plateau phenomenon:
the gradient magnitude decreases exponentially with system size, making optimization
increasingly ineffective as circuits grow. These two problems—measurement cost and
barren plateaus—motivate the search for fundamentally different training paradigms.

In this paper, we introduce Coherent Lyapunov Feedback (CLF), a training algorithm
that eliminates projective measurement from the optimization loop. The key insight is to
reframe QML training as a quantum feedback control problem: rather than computing a
loss and descending its gradient, we set a target state |1arget) as a reference signal and
design a feedback law that continuously drives the circuit output U(8) |1)g) toward |¢target)
using only coherent quantum operations. The stability of convergence is guaranteed
by Lyapunov’s second method, a classical framework from control theory that we here
formalize for the PQC setting.

1.1 Summary of Contributions

e Formalization of the Coherent Overlap Module (COM): a quantum circuit
that computes the complex fidelity amplitude (¢iarget|U(6)|100) as a coherent phase,
without collapsing either state.

e Lyapunov stability proof for PQCs: rigorous derivation of the CLF parameter
update law, proof of monotonic convergence, and characterization of fixed-point
topology.

e Noise robustness analysis: behavior of CLF under Lindblad master equation
dynamics, including conditions for convergence under decoherence.

e Complete CLF algorithm specification with circuit construction, complexity
analysis, and comparison to parameter-shift and gradient-free baselines.

e Open problem formulation: connections to compressed sensing on the loss land-
scape and Lie-algebraic circuit design for efficient CLF deployment.



2 Background and Problem Formulation

2.1 Parameterized Quantum Circuits

Let H = (C?*)®" be an n-qubit Hilbert space. A PQC is a unitary operator:
M
U(6) = [ [ exp(—i 0:Gy) .
k=1

where 8 = (01, ...,0y) € RM is the parameter vector and {G}} are Hermitian generators
(typically tensor products of Pauli matrices). Given an initial state |1)y) and a target
state |iarget), the training objective is:

maximize F(8) = |(Yrarget /U (8)[100)|* € [0,1],

with F = 1 achieved if and only if U(0) [o) = € [{hrarger) for some global phase ¢.
This formulation covers state preparation, quantum compilation, unitary learning, and
classification tasks where |(aget) €ncodes the label.

2.2 The Measurement Cost Problem

The parameter-shift rule gives the exact gradient component:

oOF - ~
a—gkzF(QkJra)—F(@k—a)‘

Each evaluation F'(€) requires S measurement shots on the observable |target) (Vtarget|-
The total shot cost per gradient step scales as:

Costpg = 2M - S shots.

For realistic circuits (M ~ 10% to 10, S ~ 10% to 10%), this is 10° to 107 shots per step,
with potentially thousands of steps required for convergence. On near-term hardware
with shot rates of ~10* per second, this translates to hours or days of runtime.

2.3 Lyapunov Stability Theory (Classical)

For a dynamical system @ = f(z), Lyapunov’s second method establishes asymptotic
stability of an equilibrium z* by finding a scalar function V' (z) satisfying:

V(z) > 0 for all z # 27, V(z*) =0, and  V <0 along trajectories.

If V < 0 everywhere except at z*, convergence to * is guaranteed regardless of initial
conditions. We will use this framework with V' (0) = 1 — F(0) as the Lyapunov function,
exploiting the fact that F' € [0, 1] ensures V' > 0 with V' = 0 iff € is optimal.

3 The Coherent Overlap Module

The fundamental challenge in measurement-free feedback is: how can the circuit parame-
ters “feel” the discrepancy between the current state and the target without a projective
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measurement collapsing the quantum state? We answer this by constructing the Coherent
Overlap Module (COM), a quantum circuit that encodes the complex overlap amplitude:

A(e) = <wtarget|U(0)|¢O> € (C

into the phase of an ancilla qubit through interference, without measuring or disturbing

cither [1/(8)) = U(0) [t0) or [rarget)-

3.1 The Generalised Hadamard Test for Two Distinct States

The standard Hadamard test estimates Re[(¢)| V' |¢)] for a unitary V acting on a single
state |¢). To extract the complex amplitude A(0) = (B|A) between two distinct states
|A) = U(0) 1) and |B) = |ttarget), We use a generalised two-state Hadamard test. The
circuit uses two registers: one ancilla qubit and one n-qubit work register initialised to
|thg). The controlled operations prepare |A) or |B) in the work register conditioned on
the ancilla, creating interference that encodes A(8@) as a coherent phase.

Construction 1 (Coherent Overlap Module (COM) — Generalised Hadamard Test).
Registers: |anc) = |0) (1 qubit), work register |w) = |1y) (n qubits). No register B
is required separately; |Prarger) 1S encoded in the controlled preparation Vg below.

Define two n-qubit unitaries acting on the work register:
Va:=U(0), so that Val) = |A),
Vi := any unitary such that Vg |¢o) = |B) = |Ytarget) -
Step 1. Apply H to the ancilla:
1

V2

Step 2. Apply Vg, controlled on ancilla = |0), and V4 controlled on ancilla = |1):

1) (10} + 1)) ® [¢ho) -

S S
V2 V2
where | B*) := V}} |¢h). Since Vi |tho) = |B), we have |B*) = V3 [4h), so (4o|Va|B*) =
(toltho) =1 and (A|B*) = (o] VXV; |%ho) -

Simpler equivalent: initialise work register to [0)*", apply ‘N/g (ctrl-0) and Va (ctrl-1)
where Vx [0)*" = | X). Then Step 2 gives exactly:

02) = —=(10) @ V] [g) + 1)@ Valo)) = —=(10) [B) +[1) |4)),

1
V2
Step 8. Apply H to the ancilla. Using H|0) =

92 = == (10} B) + 1) 14) ).

2(10) + 1)) and H|1) =



3510} - |1)):

9) = (H & 1) |¥s)
[(10) + [1))1B) + (0) = 1)) | 4)]
10) (1B) +14)) + 1) (1B) - |4))]-

1
2
1
2

Reduced density matrix of the ancilla. Trace out the work register from
@) (®|. Writing |®) = 10) [¢4) + [1) [¢-) with |¢x) = 5(|B) £ |A)), the matriz
elements of panec = Try[|®) (®|] are:

pov = (9416+) = 3 ((BIB) + (BIA4) + (AIB) + (4]4)) = £ (1 + Re(4|B)),
pu = (6-16-) = +((BIB)  (Bl4)  (AIB) + (4]4)) = 1 (1 - Re(4|B).
por = (9-16+) = 1((BIB) + (BIA) ~ (AIB) ~ (4]4)) =  Tm(4|B),

i
pro = por = —7 Im(A|B).

Hence:

_EC+MM@]imWW>
Pane =5 \ _i Im[A(8)] 1— Re[A(0)]

where A(H) = <A‘B> = <wtarget|U(9>’w0>'
Expectation values. Using o7 = (6 0 ), Oy = (? Bi)-'

<UZ>anC = Tr[UZ panc] = Poo — P11 = Re[<¢target’U(0)‘¢0>] ;
<UY>anc = Tr[O_Y panc] - _iPOI + Z‘plO = Im[<wtarget|U(0)‘w0>] .

S0 A(O) = <A|B> = W’target’U(e)W@ = <JZ>anc + 2.<(7Y>anc-

To extract Im[A(0)] directly from (oz): insert a phase gate S = (§9) on the
ancilla after Step 1 (before Step 2). This shifts |1y — i |1), rotating the encoded phase
by m/2 so that (o7) = Im[A(O)].

Critically, neither |A) nor |B) is measured or collapsed at any point. The complex
amplitude A(0) is encoded coherently in the ancilla Bloch vector, and the work register
is returned intact after the circuit.

3.2 Gradient Extraction via Generator Insertion

For each generator Gy, define the augmented COM that extracts the gradient component.
Replace V4 = U(0) with V4, = GU(0) in Construction 1, giving:

Ak<0) = <wtarget|GkU<e>|w0> :



Running one base COM (yielding A(0)) and one generator COM (yielding Ax(0)) simul-
taneously, the CLF gradient signal is:

_or
gk_@Qk

For a single-Pauli generator G, = %ak:

gk = Im[(Yrarget |0k U (8) |1h0) - A(6)"] .

Both A(0) and A, (0) are obtained as ancilla expectation values (o) and (oy) from their
respective COM instances, without any projective measurement of the work register.

— 2Tm([A,(0) A(0)].

3.3 Coherent Feedback Without Collapse

The CLF architecture does not require projective measurement of the ancilla during
training. The ancilla expectation values (07)ane and {0y )ane are extracted via a pointer-
register coupling (Architecture 2 of Section 5.3) or via continuous homodyne detection
(Architecture 3), both of which leave the work register intact. The extracted signals feed
directly into the classical ODE integrator:

do
d_tk = 1k gk = 21 Im[A(0) A(0)"].

3.4 Full COM Circuit Diagram
Base COM — extracts Re[A(0)] via (oz) and Im[A(0)] via (oy):

10)

%0),, — — Vg or Vy — (work register preserved)

o = H = ctrl-Vi/ctrl-Vy — H = (o), (oy)
Generator COM — same circuit with V3 — G Vj:

0),  — H — ctrl—Vg/ctrl—(GkVA) — H — (0z), (oy)

%0),, — — VET; or GV — (work register preserved)

anc

Im-extraction variant — insert S gate on ancilla after Step 1 to shift (o) —
Im[A(0)]:

0),.. > H — S — ctrlops — H — (0z) =Im[A(0)]

anc

The two COM instances (base and generator) run in parallel or sequentially to produce
A(0) and Ag(0), which are fed to the ODE integrator as described in Algorithm 1.

4 Lyapunov Convergence Analysis

4.1 Setup and Lyapunov Function

Define the Lyapunov function:

V() = 1= F(6) = 1 — [(arget| U (8)[100)|” € [0,1].
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This satisfies the three Lyapunov conditions:
1. V(0) >0 for all € RM since F € [0,1] by definition of fidelity.
2. V(0) =0 if and only if F(0) =1, i.e., U(0)|10) = € |[{hrarget)-

3. V is smooth (C*) as a function of @ since U(0) is a smooth unitary and the inner
product is smooth.

4.2 The CLF Parameter Update Law

Definition 1 (Coherent Lyapunov Feedback Law). The CLF update law is the
continuous-time ODE:

do, OF

di Nk 8_9k = 2 Im[Ak(B) A(O) ] )

fork=1,...,M, where ny > 0 are learning rates and A(0), Ax(0) are the coherent
overlap amplitudes from the COM.

This law is designed so that the time derivative of V is non-positive. Computing V:
: : OF  do), OF\*
V=-F=- —— = — — ] <0
with equality iff F/060, = 0 for all k, i.e., 8 is a critical point of F.

4.3 Main Convergence Theorem

Theorem 1 (Monotonic Convergence of CLF). Let 6(t) evolve under the CLF law
(Definition 1) with n > 0. Then:

(a) V(0(t)) is monotonically non-increasing: V(0(t")) < V(0(t)) for all t’ > t.

(b) The trajectory O(t) converges to the largest invariant set

*._ .aF_
S§* = {O.aek —Oforallk‘}.

(c) If FF =1 is the unique mazimum of F on the manifold U(M) (which holds
generically for expressive PQCs), then 0(t) — 0 with F(0*) = 1.

Proof sketch: Part (a) follows from V = — 3", mx (OF/96;)> < 0. Part (b) follows
from LaSalle’s invariance principle applied to the compact sublevel sets of V. Part (c)
requires genericity of F' =1 as the unique global maximum, discussed in Section 4.4.

4.4 Fixed Point Topology and Spurious Critical Points

The set S* contains both the global optimum (F = 1) and potential saddle points or
local maxima of F'. This is analogous to the barren plateau problem in gradient descent.
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However, CLF has a structural advantage: the feedback law is derived from V', a Lyapunov
function that is globally defined on the compact parameter manifold. The critical points
of I are:

e Global maximum: F = 1. This is the target; CLF converges here if reachable
from initial 6.

e Saddle points: J0F/00; = 0 but F' < 1. CLF may be temporarily trapped but
saddle points are generically unstable under perturbation.

e Local maxima: F' < 1 but locally optimal. These are the only genuine traps. For
PQCs whose dynamical Lie algebra (DLA) is su(2") (maximally expressive), it has
been shown that F' has no local maxima other than the global one.

Corollary 2 (Global Convergence for Maximally Expressive PQCs). If the dynamical

Lie algebra
g = span{Gy, [Gy, Gy, ...}

equals su(2"), then the fidelity landscape F(0) has no local mazxima other than F = 1,
and CLF converges to the global optimum from almost all initial conditions 6(0).

4.5 Convergence Rate

Near the optimum, the CLF dynamics linearize. Setting d, = 6 — 0} and expanding to
second order:
doy, 9
7 Zﬁk Hy; 6; + O(16]7),
J
where Hy; = 0°F/00), 80;],. is the Hessian of I at the optimum. The convergence rate

near the optimum is determined by the smallest eigenvalue A.;, of the Hessian matrix
H:

V(0(t)) ~ V(0(0)) exp(—2n Amint) as t — oo.

This is exponential convergence near the optimum, which is generically faster than the
sub-linear rates achievable by stochastic gradient descent under shot noise.

5 The CLF Algorithm

5.1 Complete Algorithm Specification
5.2 Complexity Analysis
The dominant cost of CLF is in the quantum stage (Steps 5-7). Per iteration we require:

e 1 COM instance for A(0): O(n) qubit operations, 1 ancilla qubit. Circuit depth:
O(n + depth(U(6))).

e M generator-COM instances for A, (0): each adds 1 gate (G insertion) to the
COM. These can be parallelized if M ancilla qubits are available.



Algorithm 1 Coherent Lyapunov Feedback (CLF)

Require: Initial state |tg), target state |{iarget), PQC generators {Gy}, initial param-
eters 0° € RM | learning rates {nr}, convergence threshold ¢ > 0, maximum time

T.

Precomputation (offline, once):

Compute DLA: g = span{Gy, |Gy, G;l, [[Gk, G;],Gi], ...}

Verify dim(g) < 4™ (finiteness check)

if dim(g) = 4" — 1 (i.e., su(2")) then: global convergence guaranteed
else: add perturbation strategy for saddle escape (Section 5.3)

end if

Prepare |{iarger) in register B (fixed throughout training)

Training loop (t =0,1,2,...):
7: repeat
[Quantum stage]
Prepare [1(0)) = U(0) |1)y) in register A
Run COM (Construction 1) — obtain ancilla encoding A(8)
10: for each k =1,..., M do

11: Prepare G U(0) |¢y) in register A" (one extra gate insertion)
12: Run generator-COM — obtain ancilla encoding A (6)
13: end for
[Classical stage]
14: Extract coherent gradient signals:

gr = 2Im[A,(0) - A(8)*] fork=1,...,M
15: Integrate ODE one step (e.g., 4th-order Runge-Kutta):

16: [Optional convergence check/: measure F'(0) via single SWAP test (O(1) shots)
17: until 1 — F(@) <e or t>T
Ensure: Optimal parameters 8° with U(0") [10) ~ |{target)
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e O(1) SWAP test for convergence check (optional): 1 ancilla, O(n) depth, O(log(1/¢))
shots for e-precision fidelity estimate.

Total qubit overhead: 1 ancilla (serial) or M ancillae (parallel) plus 2n qubits (n for
A, n for B). Total projective measurements per convergence: O(log(1/¢)) optional shots
(vs. O(M x S) required shots for parameter shift).

Method Shots/step Projective? Barren plateau? Global conv.?
Parameter Shift ~ O(M x S)  Yes, required Yes No
SPSA O(9) Yes, required Yes (reduced) No
Rotosolve O(M x S)  Yes, required No Local only
CLF (this work) o(9) No No Yes (expressive)

5.3 Saddle Escape Strategy

When the DLA is not maximally expressive, CLF may stall at saddle points. We propose
two mitigation strategies:

e Random perturbation: if ||g|> = >, gi < ¢ for § > 0, inject a random displace-
ment @ — 0 + £ where £ is drawn uniformly on a small sphere of radius r. This
generically escapes saddle points with probability 1.

e Momentum augmentation: add a momentum term m; to the ODE:

T = NkGk + VMg, e = gr — Bmy,.

This provides inertia that carries trajectories through saddle regions, analogous to
heavy-ball methods in classical optimization.

6 Noise Robustness Analysis

6.1 Lindblad Dynamics

On real quantum hardware, the circuit state evolves under the Lindblad master equation
rather than pure unitary dynamics:

dp : 1
a0 5o (- ).

where {L,} are jump operators encoding decoherence channels (amplitude damping, de-
phasing, etc.) and 7; > 0 are decay rates. Under Lindblad dynamics the fidelity F(0)
becomes a mixed-state fidelity Finixed(0) = (Viarget| £(0) |Ptarget) -

11



6.2 Lyapunov Function Under Noise

Define the noisy Lyapunov function:

%oise(e) =1- Tr“¢target> <wtarget’ /0(9)] :

The time derivative under Lindblad dynamics is:

. Fmixed ?
Vioise = — 3 ¢ +D
noise Nk ( 96k ) (0)7

where D(0) is the decoherence-induced drift:

D(e) = Z,Y] Tr |:|"7Dtarget> <77Dtarget| (LJPL;[ - % {L;LJ, p}):| .

Theorem 3 (Noise-Robust Convergence). CLF converges to the vicinity of the op-
timum under Lindblad noise if the feedback rate dominates decoherence:

OF\?
an (%) > D(@)+0 for some d > 0.
k k
The steady-state fidelity satisfies:
P> maXe D(0)
R D WPty

In the limit v; — 0, Fss — 1, recovering noiseless convergence.

This theorem quantifies the fundamental trade-off: faster feedback (larger n;) and
stronger overlap signal (larger OF/00y) fight against decoherence. For systems with
coherence times Ty > 1/n (i.e., the feedback is fast relative to decoherence), near-unit
fidelity is achievable.

6.3 Shot Noise in the COM

While CLF eliminates projective measurement from the optimization loop, the COM
interface introduces a classical readout step when extracting the coherent signal g;. If
this extraction involves any measurement (e.g., weak measurement of ancilla), shot noise
contributes variance:
1—g;

Sanc ’
where S, is the number of ancilla readings. However, S, is a fixed overhead (1 ancilla
qubit, O(1) reads per step) independent of M, giving a total shot cost of O(1) per
iteration — a factor of O(M) improvement over parameter shift.

Var[gy] =
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7 Extensions and Open Problems

7.1 Lie-Algebraic Circuit Design for CLF

CLF is most efficient when the generators {Gy} have a known, small DLA. Circuits with
DLA = su(2") are maximally expressive (guaranteeing global convergence) but require
exponentially many parameters. An optimal design target is a DLA that is:

e Large enough to contain the target U* = U(6") in its group manifold (expressivity).

e Small enough that the Fourier spectrum of F(@) is sparse, enabling joint multi-
parameter fitting with compressed sensing (O(sparsity x log M) measurements).

7.2 Compressed Sensing on the Loss Landscape

Because F'(0) is a trigonometric polynomial with frequency content determined by the
DLA spectrum, and because the CLF gradient g, = 0F/00) inherits this Fourier struc-
ture, one can in principle fit the entire gradient vector field with O(K log M) COM
evaluations, where K is the sparsity of the Fourier representation. This would reduce the
quantum stage cost from O(M) (serial generator-COMs) to O(K log M), a significant
improvement for sparse circuits.

7.3 CLF for Mixed State Targets

When the target is a mixed state prarger (€.g., @ thermal state or a partially entangled
state), the fidelity generalizes to F' = Tr[prarget £(€)]. The CLF law extends naturally with
the replacement |iarget) (Vrarget| — Prarges i all overlap computations. The Lyapunov
proof carries through with V' = 1 — Tr[piarget p(@)], which remains non-negative by the
quantum data processing inequality.

7.4 Connection to Quantum Optimal Control

CLF is a special case of quantum optimal control (QOC) with the Lyapunov cost func-
tion. The connection to GRAPE (Gradient Ascent Pulse Engineering) is particularly
close: GRAPE uses parameter-shift-like finite differences on control pulses, while CLF
replaces this with a coherent feedback signal. Hybrid CLF-GRAPE algorithms, where
CLF drives coarse convergence and GRAPE refines near the optimum, represent a promis-
ing direction.

8 Discussion

CLF represents a qualitative departure from measurement-based QML training. The
key conceptual shift is from “evaluate loss, compute gradient, take step” to “maintain
coherent feedback, flow continuously toward target.” This shift has several important
implications:

13



On barren plateaus. The barren plateau phenomenon arises because the gradient of
the loss, when computed by parameter shift, has variance that decreases exponentially
with system size. CLF avoids this because the feedback signal is not a gradient estimate
subject to shot noise — it is a coherent amplitude that encodes the exact discrepancy
between current and target states. The signal-to-noise ratio of the COM does not depend
on the number of parameters M.

On hardware requirements. The COM requires an additional n-qubit register to
hold |ttarget) and 1-2 ancilla qubits. This doubles the qubit count but removes the
measurement, overhead entirely. For near-term hardware, this is a favorable trade-off
when M is large, since qubit count is increasing faster than coherence time.

On the role of the target state. CLF requires |ttaget) to be explicitly preparable
on the quantum computer. This is the case for quantum compilation, state preparation
from classical description, and quantum chemistry ground state problems. For problems
where the target is implicitly defined (classification), CLF must be adapted to use a set
of labeled target states in a supervised feedback loop.

9 Conclusion

We have presented Coherent Lyapunov Feedback (CLF), a measurement-free training
algorithm for parameterized quantum circuits. The key contributions are:

1. The Coherent Overlap Module, a quantum circuit that computes fidelity am-
plitudes without wavefunction collapse.

2. The CLF update law, derived from Lyapunov’s second method, with guaranteed
monotonic convergence.

3. A rigorous convergence theorem for expressive PQCs.
4. Noise robustness analysis under Lindblad dynamics.

5. A complete algorithm with O(S) measurement overhead, reducing the measure-
ment bottleneck of parameter shift by a factor of O(M x S).

CLF opens a new direction for quantum machine learning that draws on the rich
theory of quantum feedback control. We believe the intersection of Lyapunov control
theory, Lie-algebraic circuit design, and coherent quantum feedback is a fertile ground
for future algorithmic development, and we hope this paper serves as a foundation for
that work.
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